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Candidate Number:

algebra: FCP(Q), 0 F, E€F=E“=Q\FEcF, A,BEF=AUBCF o-alg: above + E, € F for n=|
L,.=U" E,eF =" E,€F (countable) ) of o-algs is o-alg Borel o-alg: gen. by open sets
Product space of (€2, F;)icr: [[;c; Qi (cartesian) & x;erFii=0({A=]];c; Ai: A; € F;,Vbut inf i A; =
0;}) (A’s = cylinder sets) w-sys: A,BEA=ANBeA. A-sys: Q€ A, A, BEA, ACB=B\AcA, A,C
A, A, C A1 =, 5 An€A — Aaoc-alg <= am-sys & a Asys. [B,=J]_, Ay using m-sys, as finite]
m—A: M=\s, A=7-s, ACM=0(A)CM [A(A):=) s cont. A, A\(A)CM, A\(A)r-s: 2xE={ANC}]
f:Q—FEis ams func/RV if VA€E f~1(A)={weQ: f(w)€ A} €F,

o(fi:i€l):= the smallest o-alg on Q st all f;:Q— E; are ms wrt to it.
o(X)={X"1(A):AcE}=0(X"1(A): Ac A) where X: (U, F)—(E.E), E=0(A)

X:Q—>FanRV:rv gon (Q,F) 0(X)-ms < g=hoX for an RV h on (E,&). [none, | none]
Monotone C: H: class of bdd funcs Q2 —R, a vect spc over R, 1€H, H clsd under 1 lims to bdd funcs,
C CH clsd under pointwise x =-all bdd ¢(C)-ms funcs € H. Measure
w:F—[0,00] a measure on (Q, F) if: 1.u(0)=0 2. pu(U,—, En)=> oo, u(Ey) if E, disjoint
ANB=0= p(AUB)=p(A)+u(B) | ACB=pu(A)<u(B) | p(AUB)+u(ANB)=pu(A)+pu(B)

Ant A= p(An) T(A) Dy = Ap\An—1]|Bpd B, 3k : p(By,) <oo= u(Bn) L u(B) M(Un>1 n) <Zn>1 1(An)
o-finite: 3(K,) € F st Vn u(K,)<oo & J,,»; Kn =0 | abs.cont/equiv: VA:v(A)=0=/<= p(A4)=0.
Uniq. ext F=0(A) m-s, p1(Q)=p2(Q) <oo, 1 =p2 on A=py=ps on F. [{A:pu1=ps}t a A\-s]

Cara: (Q, F=0(A=ualg)), po: A—[0,00] count-add. set-f: outer ms ext. B meas: VE p*(E)=p*(EN
B)+u*(ENBY) | dist func F:R—[0,1] a)F incr b)lim, ., F(z)=1, lim,_, ., F'(x)=0 c)F right-cont]

Fl(x)=p((—o0,z]) a dist func <=p a ms on #A(R) | Vdist func F', 3 Borel ms pp on B(R) st F=F),,
X:(QF,P)=(E,E): Q—=xR; [0,1] 5p—x-18, / [0,1] 5po(X)—x-1 B (preimage) — _ Dist of RV

law /dist /push— /image px:B—[0,1]:=PoX 1. | dist func : Fx(a):=P(X <a)=pux((—o0,a])
X ~Y <= px=py | prod ms: uniq, P(x;E;) =[], P:(E;), E; € F;. [meas rect, E,, ={ws:(wi,ws) € E}]
collection of g-algs G;:i€Z iff VA; €G; P(();c7 Ai) =]1;cz P(A;) for T fin/entbl 7 Independence
If G;:= O'(Ai), A; T-SyS, (gi)iez indep <— P(ﬂieJ Az) :HieJ P(Al)VAl G.Ai, 1€ finiteJ CZ.
events <= gen. o-algs <= part A | RVs <= (0(X;)); <= P(X;€ A;,ieJ)=]], P(X; € 4;), finite J CJ]
<— P(X;<z1,..,X,<z,)=P(X;<z1) - -P(X,, <z,) | finite coll RVs <= joint dist is prod meas of]
wx, | (X;)iez indep, meas f;: E; >R=(f;(X;))icz indep RVs. Limits
tail o-alg of RVs (X,,)n>1 T: =y Tns Tni=0(Xn+1, Xnt2..) [Tn, Fn ind =T, Fuo, P(A) =P(ANA)]
K’s 0—1 law: tail o-alg of indep RVs: all events have prob =0/1,=-7-ms RV is a.s. const [=P(4)?]
{4, i.o = inf. often.}:=:limsup,_, . An:=or; Uynsp Am ={wEQ:we A,, for co many m}
liminf A, =02 N,y Am={w€Q:Im,, st we A, Ym>my,} ={A, eventually}={AS i.0.}¢
Liimsup, A, =limsup,, , . 14,, same liminf.| Fatou’s (+rev): P(liminf, , A,) <liminf,_, o P(4,)
P(A,i.0.)=P(limsup,, ., A,)>limsup,_, . P(A,)[evntl: P cont,”] B-C 1Y P(4,,)<oo=P(A, i.0.)=0
Gr=Us, An,P(Gn) <> P(A,;,)—=0& G, [limsup 4,, ] 2: A, indp, Y+, P(4,)=cc=P(4, io)=1
[am=P(A4,,),1—a<e™“ 1nd P(N>, AS,) <exp(— > am)=0 as > =oco] —Integration & Expectation
[ fdu= [ fdu= [ f(w)p(dw)
Radon-Nikodym: u,y on (Q,J—')7 v<pu<=3IRV f>0st v(A)=[, fdu for all Ae F. dZ//d,u =f, v~
p<= f>0p—a.s., =du/dv=1/f gis px-int. <= goX is P-int, [, g(x)px(dz) fﬂg P(dp)
Fub/Ton on prod ms spc, f(:c y) ms (Q,F): fis P-int on Q, or fZOé:L’HfQ2 x y)Pg(dy) is Fi-
(+ v.v) fodIP’ Ja, Jo, (poss. oo) [Mon Cls] | X,Y indep <= Vf,g ms, f,9>0 E[f(X)g(y)]=
a.s. P[X, — X] :P({w:Xn(w) —>X(w)}) =1 in prob Ve>0 lim, o P(|X,—X|>¢)=0  a.s.=in prob
in £P/LP/ pth moment X € LP,¥n X, € LP and lim,_, - E[|X,,— X |P]=0 =in dist
weakly in L' if X,,, X € £! and Vbounded RVs Y lim,,_,, E[X,,Y]=E[XY] in LP = in prob
weakly /in dist if lim,,_,, Fx, (v)=Fx(z) Vr€R at which Fy is cont.
Cheby: X:Q—R, ¢:Im(X)— [0, 00] incr,ms =VA€ A w/ $(A )<ooIE”[X>)\]<]E[ &(X)]/é(N) | WLLN:
¢’s: 2? on | X —E[X]|, e’ gives P[X >\ <e ME[e"X] | (X,)n>11ID, var 62 <oo, L 31 X; = in prob
Jensen’s: X st Im(X)Cinterval I & f:I—R convex =E[f(X)]> f(E[X]) [Fa: f(z )2f(m)+a(1‘ m)]
C is if img 00 SUpxec E[| X |1 x> k1] =0 (a.5) <= supxec E[|X|]<oco AND | [HELP!!]
SUP 4 7:p(A)<s SUPxec E[| X [14] =0 as 6 —0 (ignore null sets) i) {X} is Ul <= X is integ [DCT,f, =
|X|1 X >71,];
ii) VJX|€C |X|<Y for YeL£l=Cis UL iii) can use (|X|—K)*/ similar instead iv) bdd = UL
Vitali’s Conv: X, — X in prob, X,,€ L', tfae: 1) {X,,:n>1}is Ul 2) XeL! and E[|X,,—X|] =0
3)X € £! and E[|X,|] > E[|X|]<oo Thus, X,,—+X in L' <= X,,— X in prob, {X,,:n>1} is UL
Scheffé: f,, f€ 21 (Q, F,p), fo— f pointwise: [ |f,—fldu—0<= [|fn|dp— [|f|dp. [no prf]
Conditional expectation [whole chapter is on (2, F,P)]
E[X|G]:=Y where Y is integ., G-ms & VG €3, E[Y15]=E[X1¢]| < [, E[X|G]dP= [, X dP
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Y exists, is unique a.s., can check defining relation only on 7-sys generating G - e.g. open sets/atoms
for events B,,: E[X|o(B,:n>1)(w)=>" -, E[X1p,]/P(B,)1p, (w) (for just 1 B, use seq B, BX)
[ALL a.s.] a) E[E[X|G]]=E[X] (take G=Q€G) b) E[X|G]=X if X is G-ms c¢) E[X|{0),Q}|=E[X]
d) linear e) E[¢|G]=c f) X <Y =E[X|G]<E[Y|F] = |E[X]|F]| <E[X]|F]
g)E[X|G]=E[X] if 0(X),G indep h) E[X|Z]:=E[X|o(Z)] is 0(Z) ms, i.e. a function of Z.
cMCT: X,, >0, X, 1 X=E[X,|G]TE[X|G] a.s.; cFatou: X, >0=El[liminf, . X,|G]<liminf, , E
cDCT: Y integrable, | X, |<Y, X, — X as=E[X,|G]>E[X|G] as.
take out known: XY rvs with XY, XY integ, Y G-ms. Then E[XY|G]=Y-E[X|F] a.s.
tower property: X € L', F; CF, CF then E[E[X|F]|F]=E[X|F1] a.s.
cJensen: X € £, Im(X)Cintvl I, f:1—R convex, E[|f(X)|]<oco=E[f(X)|G]> f(E[X|F]) a.s.
X an integ. RV, {F,:a€l} o-algs st YaF, CF then {X, :=E[X|F,|:acl}is UL
Total E (for calc. only) E[X]=Y,E[X14,]=>", [ XP(dw|A;)-P(4;)=Y, E[X | A;]P[A;]
covariance Cov(X,Y):=E[(X —E[X])(Y —E[Y))]=E[XY]-E[X]E[Y]; uncorrelated: Cov(X,Y)=0
(X,Y):=E[XY] is a scalar prod for X,Y €.%? - use for proof cond exp. exists by orthog., closest point
Filtration & stopping times
A filtration on (Q, F,P): a seq (F,)n>0 of o-algs F,, CF st F, CFpq1 Vn. gens. Foo:=0(JFn)
(X,) adapted to (F,): if ¥n X,, is F,-ms, integrable if ¥n X,, is. natural filt: F.X =0 (Xo, X1, ..., Xp)
stopping time wrt (F,)n>0: RV 7:Q—=NU{c0} st Vn {r</>/</>n}€F,. - e.g. const, min, max,
hitting time hp:=inf{n>0:X, € B} for (X,,),>0 adapted, B Borel.
The o-alg at stopping time 7: Fr:={A€F:¥n>0AN{r=/</>/</>n}eF,}.
T<p=F;CF,; X;isan RV if 7 <oo, defined as w+ (X;(,))(w), and is F, and F,-ms.
stopped process of (X,,)n>0 and 7: X7 =(X;an)n>0, which is adapted to (Fran)n>0 and (Fp)n>o0
Martingales in discrete time
(Xn)n>0, integ, F,-adapted is a martingale if Vn>0E[X, +1|F,]=X, a.s., sub/supermart if > /<
E[X,|Fn]=/>2/<Xn as. ifn>m E[X,]=/>/<E[X,] - E[X] as. if n>m
mart diff seq wrt (F,): integ. (Y,,)n>1 st Vn>0E[Y, 41 |F,]=0 as.
(f(X,))n>o0 is a submart if f convex on R, (X, )n>0 a (sub)mart. E.g.: |X,|, X2, eXre %" max{X,, K}
(Vi)n>1 is predictable on (Fy,)n>0 if VR>1, V,, is F,,_1-ms
mart transform of pred. (V,,)n>1, mart (X,)n>1: (VoX)n)n>0:=1r—; V(X —Yi—1))n>0
Doob’s Decomp. integ. adapted X =(X,,),>0 decomposes X,, = Xo+M,,+ A, for M mart, A pred.
uniq in prob: P(M,,=M], A, =A!,¥n>0)=1; X is subm <= (A,),>0 Incr a.s., mart = const a.s.
(M), =A, for a L>-mart M (E[M?]<o00), Doob decomp M?= Mg+ N, +A,. A, incr as 2 convex
X7 :=(Xan=Xpar(w)(W))n>0: stopped process of X, finite 7, is a mart wrt (Fran)n>0, (Fn)n>0
Doob Opt Samp/Stop: bdd 7<p: E[X,|=E[X;]=E[X,]| & E[X,|F;]=X; a.s. (same for sub/sup)
OST variant : 7 a.s. finite = E[X,|=E[X;1,co]=E[X(] if either: {X,,:n>0} is UI
or E[r]<oco and ILeR st VnE[|M,, 11 —M,||F,] <L a.s. Doob maximal ineq: (X,),>o submart,
V/\>0, Yn)\ = (Xn_/\)l{maxkgn Xip>A} submt & /\}P’[maxkgn Xn Z)\] SE[an{maxkgn sz)\}] SEHX.,L”
for p>1, (My)n>0 mart M, € P, VN >0, A>0 Plmax, <y |M,| > A <E[|My|P]/\?
Db L? ineq: p>1,(X,)€.£? non-neg subm, X,, :=max<, X €27, E[X?] <E[max<, XF| < GE)PEX
— (X,,) supermart: YA, n>0 then AP(maxg<y | Xi|>N) <E[Xo]+2E[Xo]+2E[X,, ]
x=(z,) €RY, fix a<b: (pr)r>1, (Th)k>0 T0=0 pr=inf{n>7,_1:2, <a} 7,=inf{n>py:z, >b}
7 upcrossings U, ([a,b], ) =max{k: 1, <n} total U([a,b],x)=sup,, U,([a,b], x) =sup{k: 7 <oo}
DB upcrossings: X =(X,,),>0 supermart, a <b fixed, Vn>0: E[(Uy,([a,b], X )] <E[(X,,—a)~]/(b—a)
z RN conv <= Va,beQ,a<bU([a,b],z)<oo — (Xy,)n>1 is bdd in LP if sup,, E[|X,,|P] < oo
X sub/super, bdd in L', X — X, :=liminf, . X,, a.s., X, integrable
(X,)n>0 a non-neg supermart, Xo, =lim,_,~, X, exists a.s. (no need for L', as E[| X,,|]=E[X,] <E[Xo])
TFAE for mart: a) is Ul b) 3F.-ms My, : M,,— My, in L*+a.s. ¢) 3F.-ms My, :Vn M, =E[M | Fy)
Mo €ZLP, p>1= M, — My in £P — M Ul mart, V7 <p E[M,|F;]=M; as. & E[M,]=E[M,]
M Ul mart: M3 :=max,>o |M,|, AP[Mj >\ <E[My|1ias >ay] for A>0.
Moo €27, p>1, 1/p+1/q=1: [Mus|lp <M lp <qllMecllp, & My — Moo in L7,
: time in I={t€Z:t<0} ends at 0. filts: (F_,)n>0, with Vn: F_, CF & F_ CF_pt1
M_,, is a backwards mart if Vn: M_,, integ. and F_,, ms, and E[]M_, 1 |F_,]=M_, a.s.
M_, =E[My|F_,] a.s., so (M_y)n>0 is UI [tower - CHECK]. Doob’s Upcrossing holds, M_,, — M_., =
E[M_1|F_o], conv is a.s. & in LY. F_oo=Npeo F-r - as kT, F_j decr. - M_o is F_oo,F_j ms
Kolmogorov’s SLLN: IID, integ. w/ mean m (X,)n>1: Sp=> p_; X —m a.s. and in L' as n— oc.

X,|G] a.s.;




