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Probability, Measure and Martingales

November 17, 2022

1 Measurable sets and functions

given a set 2,

e P(R) is the power set of 2
e F CP(R) is an algebra on Q if :

(iybeF
(i) if E€ F then EC = O\E € F
(iii) if A,B € F, then AUB € F
e F CP(Q) is o-algebra/o-field on 2 if :
(iy e F
(ii) if E € F then Q\F € F
(iii) f B, € Fforn=1,2,...then J°  E, € F = (", E, €F

given A € P(Q), o(A) denotes the smallest o-algebra containing all the sets in A.
Note that the (countable) intersection of o-algebras is also a o-algebra [1.3].

Examples:

e trivial: {0, Q}
e simple: {},Q, A, A} = 0({A}) = 0(A)
e trace: given aset E C (), a o-algebra F, then {ENA: A € F}isa o-algebra.

e Borel g-algebra: the o algebra generated by open sets on a topological space

e Borel o-algebra on R: o({opensetsinR}) = o({openintervalsinR}) = o({(—o00,a] :
a € R}) (you can write any open set as a countable union of open intervals, and any
open interval in terms of half lines)

Measurable space: (€2, F) a set and a o-algebra on it



Product spaces

Given a collection of measurable spaces (€2;, F;)ics , their product space is (2, F),
defined as follows:

e O =][;c; % (a cartesian product)

o F=0({A=Tlc;Ai:VielA; € F,Vbutinfinite i A; =Q;}) (not a carte-
sian product - the A's are called cylinder sets)

— note that if I is finite, F is just a cartesian product.

Note that we often write F = x;c;F;, but this is still not a Cartesian product in
the countable case.

d
Product spaces on R: #(R%) = [[ Z(R) clearly D, because d < oo, and C because
1

any open set in R? can be written as a product of open hypercubes.

7 and )\ systems
a collection of sets A is a

e m-system if it is stable under intersections - i.e. A Be A — ANBe A
e A-system if

-NeAd

- ABeAACB = B\Ae A

- {An}7121 C Aforalln>1 A, C A,1; then Un21 A, e A

A is a o-algebra <= it is both a 7-system and a A-system. [proof: use B, =
Ur—; Ak - note this is constructed using the m-system rule, as each B,, is finite]

7 — X systems lemma: given M is a A-system, A a 7-system, then A C M —>
o(A) C M

[proof: let A(A) be the N of all A-systems containing A, clearly A(A) C M, and
prove A(A) is a m-system]

Random variables

given (Q,F) and (E,E) are measurable spaces, f :  — E is a measurable
function/random variable if VA€ £ f~1(A) ={we Q: f(w) € A} € F.
Random variables/measurable functions are closed under composition.

A C Qs an event/measurable set <= 14 is measurable.

o(fi :i € I):= the smallest o-algebra on Q st all f; : Q@ — E; are measurable wrt
to it.



e Note that o({A;:i € 1}) =0(1a, : 7 € I), as expected.

e for a single RV X from (2, F) to (E,&) with £ = o(A), then o(X) =
{X7YHA):Ae&t=0(X"1(A): Ac A).

in R or [—00,00], thus f is measurable <— Vte R {z: f(z) <t} e F

Measurable functions on R or [—o0, 0] are closed under addition, multiplication,
max, min, divison, composition, sup, inf, lim sup and lim inf.

f is a simple function if f = 3" aylg, forn > 1,E, € F,a; € R.
k=1

f is measurable iff it is a limit of simple functions.

if X :Q — Eisan RV across (£, F) and (E, &), g another RV on (2, F), g is
o(X)-measurable <= g = ho X for some RV h on (E,&). [no proof]

Monotone Class theorem
Given H is a class of bounded functions 2 — R st:

1. H is a vector space over R,
2. the constant function 1 is in H

3. H is closed under upwards limits to bounded functions:

If C C H is closed under pointwise multiplication, then H contains all bounded
o(C)-measurable functions

Correspondence to m — \ systems lemma: let C = {14 : A € A} for A a m-system:
then,

e 14 x1p=14npB, so C = a w-system
o 1 cHisjust 1o
e vector space properties of H gives us complements/etc.

e upwards limits gives the union property of \-systems

Proof is non-examinable.

2 Measures and measure spaces

Given (£, F) is a measurable space, a measure on (2, F) is a function p: F —
[0, 00] st
(i) set function: () =0

(i) countably additive: pu(\U,—, Evn) = > oo, u(Ey) if the E, are disjoint sets
in F



then (2, F, i) is measure space.

useful properties of a measure space (2, F, i) [2.3]:

1. additive: ANB=0 = p(AUB) = u(A) + u(B)
2. increasing: if A C B then u(A) < u(B)

3. W(AUB) + u(AN B) = u(A) + pu(B)

4. continuous from below: if A,, 1 A then p(A,) T u(4)

5. continuous from above: if B,, | B and u(Bj) < oo for some k, then u(B,,) |
#(B)

6. w(U,>1 An) <3251 1#(Ay) (o-subadditive)

[2.4] given i : A — [0, 00) is an additive set function (not a measure) on an algebra
A taking only finite values, then p is countably additive (i.e. a measure) <= for
all sequences (4,) C A with A, | 0 u(A4,) =0

a measure  is finite if () < oo, and a probability measure if () = 1, so
(Q, F, 1n/P) is a probability space.

p is o-finite if 3(K,,),>1 € F st p(K,) < oo forall n, and UJ,5, K, =

A € Fis a null set if 4(A4) =0, and a property holds almost everywhere if it it
true for Vw € Q\ A for A null. In probabilty measures, we normally call this almost
surely

A measure v is absolutely continuous wrt to a measure p (and write v < p) if
VA p(A) =0 = v(A) = 0. v and u are equivalent (u ~ v) if v < p and
pn<Lv.

Uniqueness of extension: given (i1, 1o are measures on (2, F) and A C F with
F=0(A), if u1() = p2(Q) < oo and py = ps on A, then py = ps on F.

Carathéodory Extension Theorem: given (2, F = o(A)), where A is an algebra,
if go : A — [0,00] is a countably additive set function, then 3y : F — [0,00] a
measure on (2, F) st u = py on A . [proof like part A outer measure]

e General outer measure: given the same setup as the C. Ext. Theorem,

1wt (B) = inf{ S m(Ay) : Awe ABC ) A"}

n=1 n=1

e measurable sets under the outer measure: B C () is measurable if VE € (Q,
1(E) = w* (BN B) + u* (BN BE)

If (2, F,u) is a measure space and G C F a c-algebra, then (,G, u|g) is the
restriction of the measure space, and is itself a measure space.

The sum of a countable sequence of probability measures is a probability measure
- if (Q, F) is a measurable space, and (i, )n>1 a seq of prob measures, (a,),>1 a
sequence with > a, =1, then pu(A) := 3" anpun(A) is a prob measure.



Basic conditional probability

P(ANB)
P(B)
is the conditional probability measure on (2, F,P) given a set B with P(B) > 0.

w(A) =P(A | B) = for Ac F (1)
P(A | o(B))(w) :=P(A| B)1p(w) +P(A | B®)1pc(w)

is the conditional probability given a o-algebra - given a fixed w, it is a probability
measure over sets A, but for a fixed A, it is an RV.

Measures on (R, Z(R))
F :R — R is a distribution function if:
1. F:R—10,1]

2. F'is increasing

3. lim, oo F(z) =1, limy oo F'(z) =0

N

. F'is right-continuous

Given a measure £ on Z(R), the distribution function of i is F,(z) = p((—o0, z]),
which satisfies the requirements above.

Lebesgue’s theorem: for any distribution function F', there is a unique Borel
measure pp on B(R) st F = F), .. i.e. there is a 1-1 correspondence.

Leb is the unique Borel measure on Rst Va,b a < b Leb((a,b]) =b— a.

Distribution of an RV

Given X is a random variable from (€, F) to (E, £), where (Q, F,P) is a probability
space:

e 05 R
1

o 0,1] & F & B, or indeed [0,1] & o(X) & B

Note that X! is the pre-image function X 1(A) = {w : X(w) € A}, not an
inverse!

Define the law/distribution pux : B — [0,1] by ux = Po X1 Thisis a
probability measure on (R, B), also known as the image measure of P via X, or
the pushforward measure

The distribution function of X is Fix(a) : R — R defined by Fx(a) := P(X <
a) = px ((—o0,al) (see above)




We write X ~ Y to mean pux = py, and X, Y can even be defined on different
probability spaces (2, F)

Given (Q, F,P) is a prob space, (E, &) and G, G) are meas spaces, X : Q — E;Y :
E — G then the image measure of “ux via Y is the image measure of “u via
YoX"

Existence of RVs
If F'is a function with properties 1—4 above, we can construct an RV on (2, F,P) =
((0,1),B(0,1),Leb) with distribution function Fx = F.

Define the right continuous inverse of F', also known as the quantile function

Fl(2) =inf{y: F(y) > 2}

F1lis increasing, and so measurable.

Then, {w:w < F(z)} C{w: FY(w) <2} C{w:w < F(z)}, and both outer
sets have the same Lebesgue measure, F(z).

Thus,
Fx(z) =P(X <) =Leb(X <z) =Leb(F ' <) =Leb ({w: F ' (w) <2}) = Leb ({w: w < F(z)}) = F(

[note P = Leb, X = F~1, Q = (0,1) so the final inequality is true]

Product measure

Given (€, F;,P;);=1.. v are probability measures, there is a unique measure P on
(€, F) = (TIX, Qi, xN F) st P(Ey x---x E,) = Py (Ey) - - Py (B,) for E; € Fi.
IP is the product measure, and is often written ®;<nP;.

Thus, the product measure is specified by its marginals. This is not true for general

measures on product spaces (where two different measures could have the same
marginals)

3 Independence

A collection of g-algebras G; : i < nisindependentiffVA; € G;,i < nP(N
HiSn ]P)(Al)

For sequences (G, )n>1 of o-algebras by VA,, € G,,,n > 1P((),,~; 4i) = [[,,>1 P(4;)
by continuity of measure B B

A) =

i<n

If our collection of o-algebras (G;);cz can be written as (o(A;));ecr for m-systems
Ai € F, then (G;)icz are independent <= P((,c; Ai) = [[,c;P(4i) for any
A; € A;,i € J for any finite subset J C Z. [ see theorem 3.5]

A collection of events (finite or countable) is independent <= their generated
o-algebras are <= the standard condition from Part A.




A finite or countable collection of RVs (X;);cz, maps from (€, F,P) to measurable
spaces (F;, &;)icz, are independent

o < (0(X;))iez are independent

o = P(X;cAforallicJ)=][c,P(X;c A)forany A; € &, i€ J
for any finite subset J C 7.

e (for real-valued) <= Vn > l,21,..,7, € Ror R P(X; < 21,...,X,, <
) =P(X1 <x1)---P(X, <x,) (using the m-systems def)

For a finite family of RVs, they are independent <= their joint dist y(x, .. x,)
on the product space ([],., Fi, Xi<n&;) is the product measure of the marginal
dists uy, B

if (X;)iez are independent, and f; : E; — R are measurable, then (f;(X;))icz are
independent RVs.

Limits
The tail o-algebra of a sequence of RVs (X,,)n>1is T :=(\o—; Tn, where T;, :=
U(Xn+17 Xn+2, )

Kolmogorov’s 0 — 1 law: The tail o-algebra of an independent sequence of RVs
contains only events of probability 0 or 1, so any 7-measurable RV is a.s. constant.
e.g. A= {(X,)n>1 converges}

For a sequence (Ay),>1 of sets in F:

{4, i.0.} :=:limsup 4,

n—oo

- U4

n=1lm>n

={w e Q:w e A, for infinitely many m}

(Note i.0. = occurs infinitely often)

liminf A, := G ﬂ A

n=lm>n
={weQ:3Im, stw e A4, for all m > m}
= {A,, eventually} = {AY i.0.}¢

Note that liimsup, . A, = limsup, ,. 1a,, and the same for lim inf

Fatou's lemma (and reverse): P(liminf,, o, A,) < liminf, . P(A,), and P(A4, i.0.) =
P(limsup,,_, . A,) > limsup,,_, .. P(A,)

BC1: Borel-Cantelli Lemma #1: if 3 -, P(A,) < oo then P(A, i.0.) = 0.
BC2: for A, independent, then if 3 -, P(A,) = co then P(A, i.0.) =1



4 Integration & Expectation FINISH

Notation:

/fduz/ﬂfduz/f(w) (dw)

See part A for integration definitions, just using a more general measure. Includes
the MCT, DCT, Fatou, Reverse Fatou etc.

Radon-Nikodym Theorem: given i, v are prob measures on (0, F), v < u <
Jan RV f > 0stv(A) = [,f duforall A e F. fis the Radon-Nikodym

d
derivative of v wrt , and is often written d—y v~ <= f>0u—a.s., and
- H

dp
then d7 = ]./f

Scheffé: if f,,f € £LY(Q,F,p) and f, — f pointwise, then [ |f, — f| du —
0 = [1fal du— [ 1fl dn. [no proof]

If X :Q — E,g: E — R for a prob space (£, F,P), measure space (F,€) and
wx is the law of X, then g is px-integrable <= g o X is P-integrable, and then

[z 9(@) px(dz) = [ 9(X (w)) P(dp)

The expectation of X is E[X]:= [ X dP = [, X (w) P(dw) = [ zpx

The variance of X is E[X —E[X]?], as expected. The n'th standardised moment...
Fubini/Tonelli: given (Q, F,P) is the product of (Q;, F;,P;) for i = 1,2, and
f(x,y) is measurable on (Q, F):

° T fQ2 f(z,y) Pa(dy), y — fQ2 f(z,y) Pi(dzx) are Fy, Fo-measurable resp.

e if f is P-integrable on €, or f > O: fo dP equals the repeated integrals
(though if we are doing this because f > 0, it could be o0)

X,Y on a prob space (2, F,P) are independent <= Vf, g measurable, f,g >0
E[f(X)g(y)] = E[f(X)|E[g(Y)]

integration on product space - fubton

indep in terms of expectation of funcs

5 Complements & more integration

5.1 Modes of convergence

almost surely X,, - X as. «<— P[X, - X] = P{w : lim, 00 Xpn(w) =
X(w)}) =1

in probability X, 5 X <= V&> 0 lim,_. P(| X, — X| > &) =0



in £7/LP/ pth moment X, = X iff X € £P,¥n X,, € £P and limy,_e0 E[| X, —
X[P] =0

weakly in £! if X,,, X € £! and Vbounded RVs YV lim,,_, E[X, Y] = E[XY]
weakly/in distribution if lim,, ., Fx, () = Fx(x) for every € R at which Fx

is cont.

Relationships:

a.ss. = inprob = indist

fr

in L = weakly in L?

5.2 Useful inequalities

Markov's inequality: if X > 0is an RV, VA > 0 P[X > )] < A\ 'E[X]

Chebyshev’s inequality (general): for an RV X with Im(X) C A C R for mea-
surable A, and ¢ : A — [0,00] is increasing and measurable, then VA € A with
P(A) < oo

PX >\ < —— 2

Useful ¢'s: 2 on |X — E[X]| gives the standard form, and €% gives P[X > )] <
e~ ME[efX]

WLLN: if (X,,)n>1 is a sequence of iid random variables with mean p, variance
0% < oo, then 23" | X; — 1 in probability

Jensen’s inequality: for an rv X taking values in an interval I, and f: I - R a
convex function, then E[f(X)] > f(E[X])

LP spaces: see FAl

A collection C of random variables is Ul /uniformly integrable <—
li E[|X]1 =
Jmsup, [ X|1x;>K3] =0

<= both of the following hold:

sup E[|X|] < o0

XeC
sup  sup E[|X]14] 2 0asd—0
AeF:P(A)<s XeC

Useful points:

10



this definition works a.s.

{X}is Ul < X is integrable

if VX €C|X| <Y for Y € £, then C is Ul.

we can replace | X|1xsx with (| X|—K)T (or similar), as 0 < (| X| - K)T <
[ Xxs2r < 2(1X] - K)F

5.23: if X,, — X in probability, and are all bounded by K € R, then X,, — X in
Ll
Vitali’'s Convergence theorem: if X,, — X in prob, X,, € £!, tfae:

e {X,,:n>1}is Ul

e X e/ltand E[|X, — X[ >0

e X € L' and E[|X,|] = E[|X]|] < o0

Thus, X,, = X in L' <= X,, — X in probability and {X,, : n > 1} is UL

6 Conditional expectation

[Entire chapter is on (Q2, F,P)]

If X is an integrable RV, and G C F a o-algebra. Then E[X|G] :=Y where Y is
integrable, G-measurable &

VG € G, E[Y1lg] =E[X1g] < / E[X|G] dP = / X dP (the defining relation)
G G

By theorem 6.3, Y exists, and is unique almost surely (i.e. if Y, Z both follow the
conditions above, then Y = 7 as.)

If we verify the defining relation for X and a candidate Y for E[X|G] for G = Q
and G € A, where A is a w-system generating G, we have verified it for all G € G
[because the DCT applied to the defining relation shows that the set of G satifying
it is a A-system, so then apply m — \)

For various cases: (where X is an integrable RV)

e G=0(B), X =14 forevents A, B: E[1l4|c(B)](w) = P(A|o(B))(w) =
C
7]?(&;;3) 1p(w) + Lﬁ;g) 11 pe (w)

), foranevent B: E[X|o(B)](w) = Egggf] 1B(w)+]EI[;((;E)C] 1pc(w)

e G=0(B
e G =0(B,:n>1),forasequence of events B,,: E[X|o(B,:n >1)|(w) =

E[X1
% s, @)

o G =0(Z) foran RV Z: E[X|Z] := E[X|o(2)].

11



— this is then defined as the RV Y, which is 0(Z) measurable, so a function
of Z.

— instead of checking the defining relation, we can check: VA € #(R),
E[Y1{zcay] = E[X1(zca3], as G € 0(Z) = Z(A) for A Borel.
e if G =0(Z), where Z is a discrete RV (taking values z1,...):
— then we don't need to check all A € (R), but simply the sets {Z = z;}
(as the A's will just be countable unions of such sets)

— we can now define Y = E[X|Z] explicitly as:

* Y (w) = E[X|Z)(w) = E[X[o({Z = 2 }))(w) = Tpo g2z, (w)

where z; st Z(w) = z; (note the last equality is because z; is chosen
st. w € {Z = z;})
— checking the defining relation:
* Vz; € R, E[Yl{z:m}] =E
E[X1{z=]

E[X1{z=2,]

Useful and important properties: (6.5)

o E[E[X|G]] = E[X] (take G = Q € G)

linear (a.s.)

E[X|G] = X a.s. if X is G-measurable (satisfies def rel)
e E[c/G] =cas.

E[X {0, 2} = E[X]
E[X|G] = E[X] a.s. if 0(X),§ are independent

o X <Y as. = E[X|G] <E[Y|]] as.
= [E[X|9]| <E[|X][d] as.

Convergence theorems:

e cMCT: X,, >0, X, 1 X = E[X,|G] T E[X]|]] as.

e cFatou: X,, > 0 = Elliminf,, . X,|G] < liminf, . E[X,|]] as.

e cDCT: Y integrable, |[X,,| <Y, X, — X as = E[X,,|G] — E[X|F] as.
taking out what’s known: XY rvs with XY, XY integrable, Y G-measurable.
Then E[XY|G] =Y - E[X]|]] a:s.
tower property: X € LY F; C Fp C F then E [E [X|F] |F1] = E[X|F1] as.

clensen’s: X € £} Im(X) C I, aninterval, and f : I — R is convex, E[| f(X)|] <
 then E[f(X)[g] > F(E[X|G]) as.

For an integrable RV X, a family of o-algebras {F, : @ € I} where Va F, C F
then {X, := E[X|F.]: a €I} is UL

Law of total expectation (for calc. use only): E[X| =3 E[X14,] =3, [ X P(dw |
A;) -P(A;) = Y0, E[X | A;]P[A;] given {A;};>1 forms a finite/countable partition

of Q, where P(- | A;) is the conditional probability measure defined at (1)), and
E[X | A;] is the old conditional expectation.

12



Orthogonal projection (just for proof of existence of cond exp)

Cov(X,Y) :=E[(X —E[X])(Y —E[Y])] = E[XY] — E[X]E[Y] is the covariance
of X and Y

X,Y are uncorrelated if Cov(X,Y) =0 (indep = uncorrelated)

(X,Y) := E[XY] is a scalar product for X,Y € #2, and X,Y are orthogonal if
(X,Y) = 0.

Pythagoras's theorem: if X,Y € #? are othorgonal, then || X + Y3 = || X||3 +
Y13

If H is a complete vector subspace of .#2 for any X € .#?the infinimum inf z¢4 || X —
Z||2 is achieved by some Y € H, and (X —Y) is othorgonal to all Z € H.

Thus, for E[X | G], H := £%(, G, P) is a complete vector space, so we can project
X onto H using the theorem above to get Y € H (i,e, Y is G-measurable), and
then Y (by 1¢ for G € G and cMCT) is a version of E[X | G].

7 Filtration & stopping times

A filtration on (Q, F,P) is a sequence (F,),>o of o-algebras F,, C F st F,, C
Fny1 for all n.

Fooi=0 (UnZO ]-"n> is the o-algebra generated by the filtration.

(Xn)n>o0 is adapted to (F,),>0 if Vn X, is F,-measurable. It is integrable if
each X, is integrable.

The natural filtration of (X,,),>0 is Fii = o(Xo, X1, ..., Xp)

An RV 7: Q — NU {cc} is a stopping time wrt (F,,),>0 if Vn {r =n} € F, ,
or equivalently {7t < /> /< />n}eF,.

A constant is a stopping time, as are the max & min of 2 stopping times.

The hitting time hp :=inf{n > 0: X,, € B} of an adapted process (X,),>0 of a
Borel set B is a stopping time.

The o-algebra at time 7 (a stopping time) is Fr :={A € Foo : VR >0 AN{7r =
n} € Fn}.

e (Note that 7 = n can have any inequality operator).

'TSP:>]:T§]:;)

X, isan RV if 7 < 0o, defined as w — (X, ()(w), and is F, and F,-measurable.

The stopped process of (X,,)n,>0 and 7 is X7 = (X;n)n>0, Which is adapted to
the filtrations (Fran)n>0 and (Fn)n>o0
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8 Martingales in discrete time

An integrable, F,,-adapted stochastic process (X,,)n>0 is a

martingale if Vn > 0 E[X,,11|F,.] = X,, as.
submartingale if ¥n > 0 E[X,,,|F,] > X,, a.s. sub = bigger

supermartingale if Vn > 0 E[X,,1|F,] < X, a.s. super = smaller
Basics:

e (X,)n>0 is a submartingale wrt to (Fp,)n>0 <= (—Xpn)n>0 is a super-
martingale wrt to (Fy,)n>0

o (X,)n>0 wrt to (F,,)n>0 is a martingale <= it is a sub & super martingale.

o (X,)n>0 wrt to (Fp,)n>0 is a submartingale = (X,,),>0 is a submartingale
wrt any smaller filtration (incl. FX)

e E[X,|Fn] = X, as. if n > m where X is a (-/sub/super)martingale [(=
/= /<]
e E[X,] =E[X,,] = E[X(] a-s. if n > m where X is a (-/sub/super)martingale
[(=/ >/ <) for both = signs]
An integrable sequence (Y},),>1is a martingale difference sequence wrt (F,,) if
Vn >0 E[Yut1 | Fu] =0 as.

if f is a convex function on R, and (X,),>0 is a martingale wrt to (F,)n>0,
(f(X1))n>0 is a submartingale wrt to (F,)n>0. E.g.: | Xy, X2, eXne™%n max{X,, K}

Given a filtration (F,,)n>0, a sequence (V,,),>1 is predictable if Yn > 1, V,, is
Frn_1-measurable

Given a predictable sequence (V},),>1 and a (-/super/sub)martingale (X,,),>1 on
a filtration (F,,),>0 their martingale transform is, which is a martingale wrt
(]:n)nz()

(Vo X)n)nzo = (i: Vie(Xk — Ykl))

k=1

(note the Oth term is either 0 or X, depending)
Doob’s Decomposition theorem: given an integrable adapted process X =
(Xn)nZO on (fn)nzo '
e X has a Doob decomposition X,, = Xo+ M, + A,,, where M, is a martingale
and A,, predictable, both on (F,),>0, and My = Ag = 0.

e This decomposition is unique in probability - i.e. P(M,, = M/, A, = A, for all n >
0)=1
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e X is a submartingale <= (A4, )n>0 is an increasing process a.s., and a
supermartingale <= (A,)n>0 is an decreasing process a.s.. Thus, X is a
martingale <= A,;1 = A4, as.

Given a L2-martingale M, i.e. E[M?2] < oo, we can consider the Doob decomposi-
tion M2 = MZ + N,, + A,,, where A,, is increasing, as x? is a convex function. we

call ((M),)),,50 = (An)nz0

Given a martingale X and a finite stopping time 7, X" is the stopped process of
X and 7, and is a martingale wrt (Fran)n>0 and (Fp)n>0

Doob’s Optional Sampling/Stopping Theorem: given a martingale X wrt
(Fn)n>0, and bounded stopping times 7 < p:

o E[X,] =E[X;] = E[X,]
o E[X,|F] =X, as.

e (same for sub/super)

Variants of the above: for a martingale X wrt (F,),>0, and 7 is a.s. finite (i.e.
T < 0o except on a null set), then E[X ;] = E[X 1, ] = E[X(] if either:

1. {X, :n >0} is U <= SOMETHING CHECK LAST SHEET
2. E[r] < 0o and 3L € R st Vn E[| M1 — M,||Fn] < L as.

Doob’s maximal inequality: if (X,,),>0is a submartingale, YA > 0, Y, := (X,, —
M1 {max,<, X, >A} i @ submartingale, and in particular AP[maxy<, X, > A] <
E[X’Vbl{maxkgn XkZA}] < ]EHXn”

a corollary: for p > 1, (M,)n>0 a martingale with M,, € £? then VN > 0, > 0

E[|My|?
P [max,<y |M,| > A] < %

Doob's L” inequality: for p > 1,(X,,),>0a non-negative submartingale, X,, €

— P
#P, X,y = maxgy Xi is in 27, and E[X?] < E[maxp<y X7] < (%) E[X?]

if (X)n>0 is a supermartingale, YA, n > 0 then AP(maxy<, | Xi| > A) < E[Xo] +
2E[Xo] + 2E[X ;]

Upcrossings
For a sequence © = (z,)n>0 of real numbers, fixed a < b, define sequences

(P)k>15 (Th)k>0 by:

T0 :O
pr =inf{n > 711 1z, <a}
T, = inf{n > pi : 2, > b}
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Un(la,b],x) := max{k > 0 : 7, < n} is the number of upcrossings of [a,b] by
x by time n, and U([a, b], ) := sup,, U, ([a,b],x) = sup{k > 0: 7, < oo} is the
total number of upcrossings.

Doob’s upcrossings lemma: X = (X,,),>0 is a supermartingale, a < b fixed,

2 0: Bl(U (a8, X)) < 20—

a real sequences x converges iff Va,b € Q,a < b U([a,b],z) < o0
(X,)n>1 is bounded in L7 if sup,, E[|X,|P] < co

Doob’s Forward convergence theorem: if X is a sub-/super-martingale, and
bounded in L, then it converges a.s. to a limit X, (precisely, P[X,, — X,] = 1),
which is integrable.

Thus, if (X,)n>0 is a non-negative supermartingale, then X, = lim,,_, o, X, exists
a.s. (note no constraints on L', as E[| X,,|] = E[X,] < E[X{])

Ul again:
TFAE, for a martingale (M,,)n>0:

e M is Ul
e IM,,, which is F,, measurable st M,, = M., a.s. and in L'

e 3M,,, which is 7, measurable st Vn : M,, = E[M, | F,] a.s.

and if M., € £P for some p > 1, then M,, — M, in £P.

If M is a Ul martingale, for all (potentially unbounded) stopping times 7 < p
E[M, | F,] = M, as., and E[M,] = E[M)]

If M is a Ul martingale, let M7, := max,>q |M,|then AP[M3 > \] < E[M|1iare >2y]
for A > 0.

Further, if Mo € ZP forp > 1, let gst 1/p+1/q =1 then ||Mxyll, < |MZ], <
q||Moo||p, and M,, = My, in ZP.

9 Some applications

Backwards martingales: time is indexed by I = {t € Z : t < 0}, and a backwards
martingaleis written (M_,,),>0, and ends at 0.

Given a sequence of g-algebras (F_,,)n>0, with F_,, C F, and F_j C F_j; for
all k < -1, M_,, is a backwards martingale if Vn : M_,, is integrable and F_,,
measurable, and E[M_,, 1 | F_,] = M_,, as.

Thus, M_,, = E[M, | F_,] a.s., and so (M_,,)n>0 is Ul.

Doob's Upcrossing lemma automatically holds, as it is actually a result about about
finite martingales
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And, as n — oo, M_,, converges a.s. to a random limit M_ ..

o0
F_o0o = [ F—k - note that the o-algrebras get smaller as k increases
k=0

M_ is F_o and F_j integrable
convergence to M_ ., = E[My | F_o] is both a.s. and in L.

Kolmogorov’s Strong LLN: For a sequence (X,,),>1 of IID RVs, each integrable
with mean m , set S,, = >_;'_, X}, and then S,,/n — m a.s. and in L as n — oc.
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